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Kanagawa 259-1292, Japan
(Dated: April, 2005)
We show three types of neutrino mass textures, which give maximal CP-violation as well as
maximal atmospheric neutrino mixing. These textures are described by six real mass parameters:
one specified by two complex flavor neutrino masses and two constrained ones and the others specified
by three complex flavor neutrino masses. In each texture, we calculate mixing angles and masses,
which are consistent with observed data, as well as Majorana CP phases.
PACS numbers: 12.60.-i, 13.15.+g, 14.60.Pq, 14.60.St
I. INTRODUCTION
To discuss whether CP violation in neutrino oscillations [1] exists in Nature is the next research subject in neutrino
physics [2], whose properties have been clarified by various experiments [3, 4] since the Super-Kamiokande’s confir-
mation of the neutrino oscillations [5]. To describe CP violation, the PMNS neutrino mixing matrix [6], UPMNS ,
includes CP violating phases denoted by δ and β1,2,3, which are parameterized in UPMNS = UνK with
Uν =


c12c13 s12c13 s13e
−iδ
−c23s12 − s23c12s13eiδ c23c12 − s23s12s13eiδ s23c13
s23s12 − c23c12s13eiδ −s23c12 − c23s12s13eiδ c23c13,

 ,
K = diag(eiβ1 , eiβ2 , eiβ3), (1)
where cij = cos θij and sij = sin θij (i, j=1,2,3) are the mixing angles for three massive neutrinos of (ν1, ν2, ν3)
whose masses are, respectively, denoted by (m1, m2, m3). The CP violating Majorana phases are specified by two
combinations of β1,2,3 such as βi − β3 (i=1,2,3). The mixing angles of θ12, θ23 and θ13 are, respectively, identified
with the observed mixing angles of θ⊙ for the solar neutrino mixing, θatm for the atmospheric neutrino mixing and
θCHOOZ for the νe-ντ mixing. The observed results indicate that these mixing angles are constrained to be [4]:
0.70 < sin2 2θ⊙ < 0.95, 0.92 < sin
2 2θatm, sin
2 θCHOOZ < 0.05. (2)
Furthermore, massive neutrinos satisfy that
5.4× 10−5eV2 < ∆m2⊙ < 9.5× 10−5eV2, 1.2× 10−3eV2 < ∆m2atm < 4.8× 10−3eV2, (3)
where ∆m2⊙ = m
2
2 −m21 (> 0) and ∆m2atm = |m23 −m22|. It is then widely recognized that the atmospheric and solar
neutrino mixings are nearly maximal and that the mass hierarchy of ∆m2atm ≫ ∆m2⊙ exists.
There have been various discussions to ensure the appearance of the observed bilarge neutrino mixing and mass
hierarchy [7] such as those based on the µ-τ symmetry [8, 9, 10, 11]. However, the effect of CP violation, namely,
the effect of complex flavor neutrino masses in the neutrino mixing itself is not fully understood [12]. If CP violation
is included in our discussions, it is not obvious what type of a neutrino mass texture is generally required to explain
the observed properties of neutrino oscillations although there have been several specific textures proposed so far
[13, 14, 15]. Of course, the mixing angles are modified by the inclusion of the imaginary parts of flavor neutrino
masses in addition to their ordinary real parts. In fact, our recent discussions [16] have found the novel property that
the effect of imaginary parts of flavor neutrino masses is indispensable to describe the atmospheric neutrino mixing.
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2In other words, the atmospheric neutrino mixing based on real flavor neutrino masses cannot be determined by the
limit of vanishing imaginary parts of complex flavor neutrino masses.
Let us first summarize our results found in Ref.[16]. Our complex flavor neutrino mass matrix ofMν is parameterized
by
Mν =


Mee Meµ Meτ
Meµ Mµµ Mµτ
Meτ Mµτ Mττ

 , (4)
where UTPMNSMνUPMNS=diag.(m1, m2, m3).
1 Consider a Hermitian matrix of M =M †νMν , then, we have obtained
that2
tan θ23 =
Im (Meµ)
Im (Meτ )
. (5)
This relation is only valid if there are complex flavor neutrino masses. It is the announced property that the atmo-
spheric neutrino mixing angle cannot be determined by Eq.(5) in any models without CP violation because no active
imaginary parts are present. The CP violating phase of δ is also expressed by Meµ and Meτ as
s23Meµ + c23Meτ = |s23Meµ + c23Meτ | e−iδ. (6)
The simple relation arises in the case of maximal CP violation, which is realized by requiring that
s23Re (Meµ) + c23Re (Meτ ) = 0. (7)
Combining Eqs.(6) and (7), we find that Meµ,eτ are related to each other as
sin 2θ23Meτ = −M∗eµ + cos 2θ23Meµ, (8)
for Since δ = ±pi/2. It should be emphasized that the advantage of the use of M lies in the fact that 1) all phases in
M are related to δ and 2) phases in Mν which are irrelevant for δ are automatically removed. However, some of the
information of Mν including Majorana phases are lost.
In this article, we examine Mν itself suggested by the texture of M provided that the atmospheric neutrino mixing
and CP violation are both maximal,3 respectively, characterized by δ = ±pi/2 and c23 = σs23 = 1/
√
2 (σ = ±1)4 and
present three types of textures controlled by a single phase of θ. Two textures with Meτ = −σeiθM∗eµ yield tan 2θ12 ∝
Meµ + e
iθM∗eµ and tan 2θ13 ∝ Meµ − eiθM∗eµ while the other texture with Meτ = −σeiθMeµ gives tan 2θ12 ∝ 1 + eiθ
and tan 2θ13 ∝ 1 − eiθ. Majorana CP violation in theses three types of textures, respectively, is absent, active if
arg(Mee) 6= θ/2 and active if arg(Mee) 6= arg(Meµ) + θ/2.
II. TEXTURES WITH MAXIMAL CP VIOLATION
Maximal CP violation and maximal atmospheric neutrino mixing arise if the condition of
Meτ = −σM∗eµ (9)
is satisfied in Eq.(8), which is expressed in terms of the flavor neutrino masses:
M∗eeMeτ +M
∗
eµMµτ +M
∗
eτMττ = −σ
(
MeeM
∗
eµ +MeµM
∗
µµ +MeτM
∗
µτ
)
. (10)
There are many candidates of Mν that satisfy Eq.(10) [18]. Among others, we show the following simpler relations
for Mν itself with a phase of θ in z = e
iθ:
1 It is understood that the charged leptons and neutrinos are rotated, if necessary, to give diagonal charged-current interactions and to
define the flavor neutrinos of νe, νµ and ντ .
2 This relation is most easily seen by expressing Meµ,eτ in terms of the neutrino masses, the neutrino mixing angles and the Dirac phase.
3 The similar but more general analysis focusing on the quark sector has been given in Ref.[17].
4 The sign of s23 affects the value of tan 2θ13 via Y in Eq.(A4) for a given Mν because the change of the sign may cause cancellation in
Y giving smaller sin2 θ13.
3• Meτ = −σzM∗eµ and Mττ = zM∗µµ giving
M (1)ν =


Mee Meµ −σzM∗eµ
Meµ Mµµ Mµτ
−σzM∗eµ Mµτ zM∗µµ

 , (11)
where Mee,µτ = zM
∗
ee,µτ are required,
• Mµτ = −σMee, Meτ = −σzM∗eµ and Mττ = zM∗µµ giving
M (2)ν =


Mee Meµ −σzM∗eµ
Meµ Mµµ −σMee
−σzM∗eµ −σMee zM∗µµ

 , (12)
• Mµτ = −σMee, Meτ = −σzMeµ , Mµµ = zκMeµ and Mττ = κ∗Meµ for an arbitrary complex number κ giving
M (3)ν =


Mee Meµ −σzMeµ
Meµ zκMeµ −σMee
−σzMeµ −σMee κ∗Meµ

 . (13)
These textures have six real parameters for a given z. The texture of M
(1)
ν is characterized by two constrained
parameters and two complex parameters and those of M
(2,3)
ν are characterized by three complex parameters. The
interesting cases correspond to the simplest choice of z = ±1 and z = ±i, where M (1)ν with z = 1 yields texture
discussed in Ref.[15, 16].
Hereafter, we use the following notations and relations for ω and ω′ representing general complex variables:
ω± =
ω ± zω∗
2
,
ω′+
ω+
=
Re (ω∗ω′ + z∗ωω′)
2 |ω+|2
,
ω′−
ω+
= i
Im (ω∗ω′ + z∗ωω′)
2 |ω+|2
,
ω+ = Re (ω, θ) + iIm (ω, θ) = ±eiθ/2 |ω+| , ω− = Re (ω, θ + pi) + iIm (ω, θ + pi) = ±ieiθ/2 |ω−| ,
Re(ω, θ) =
(1 + cos θ)Re (ω) + sin θIm (ω)
2
, Im(ω, θ) =
(1− cos θ) Im (ω) + sin θRe (ω)
2
, (14)
and
1 + z
zω + ω∗
=
2Re ((1 + z)ω)
|zω + ω∗|2 ,
1− z
zω + ω∗
= i
2Im ((1− z)ω)
|zω + ω∗|2 . (15)
The ratios of particular combinations of ω, ω′ and z turn out to be either real or pure imaginary. It should be noted
that Re(ω, θ) becomes Re(ω) with Im(ω, θ) = 0 giving ω+ = Re(ω) for z = 1 while Im(ω, θ) becomes Im(ω) and
Re(ω, θ) = 0 giving ω+ = iIm(ω) for z = −1. Similarly, for z = ±i, we find the relation of Re(ω, θ) = ±Im(ω, θ)
giving ω+ = e
±ipi/4(Re(ω)± Im(ω))/√2.
Once having explicit forms of the neutrino mass textures, we can compute neutrino oscillation parameters as shown
in the Appendix A. Using the relations found in the Appendix A, we obtain results with maximal CP violation
(δ = ±pi/2) and maximal atmospheric neutrino mixing (c23 = σs23 = 1/
√
2 with σ = ±1).5
For M
(1)
ν , parameters used to compute masses from Eq.(A5) and mixing angles from Eqs.(A7)-(A9) are given by
X =
√
2 (Meµ)+
c13
, Y =
√
2σ (Meµ)− ,
λ1 =
s213
cos 2θ13
(
(Mee)+ + (Mµµ)+ + σ (Mµτ )+
)
+ (Mee)+ ,
λ2 = (Mµµ)+ − σ (Mµτ )+ , λ3 = (Mµµ)+ + σ (Mµτ )+ , (16)
5 In the subsequent discussions, the freedom associated with Mττ − Mµµ is not explicitly used. It can be determined by Eq.(A9) for
cos 2θ23 = 0.
4where we have used the property of Mee,µτ = (Mee,µτ )+. The mixing angles of θ12,13 are calculated to be:
tan 2θ12 = 2
√
2
cos 2θ13 (Meµ)+
c13
[
(1− 3s213) (Mµµ)+ − c213
(
σ (Mµτ )+ + (Mee)+
)] , (17)
tan 2θ13e
iδ = 2
√
2σ
(Meµ)−
(Mµµ)+ + σ (Mµτ )+ + (Mee)+
. (18)
Because of Eq.(14), Eqs.(17) and (18) give the correct expressions for the mixing angles. As a result, the assumed
condition of eiδ = ±i is consistent with Eq.(18) and the appearance of the required maximal CP violation is assured.
The neutrino masses are calculated to be:
m1e
−2iβ1 = (Mµµ)+ − σ (Mµτ )+ −
1 + cos 2θ12
sin 2θ12
√
2 (Meµ)+
c13
,
m2e
−2iβ2 = (Mµµ)+ − σ (Mµτ )+ +
1− cos 2θ12
sin 2θ12
√
2 (Meµ)+
c13
,
m3e
−2iβ3 =
c213
(
(Mµµ)+ + σ (Mµτ )+
)
+ s213 (Mee)+
cos 2θ13
, (19)
from Eq.(A10). Since (Mij)+ for i, j=e, µ, τ have a common phase of θ/2 as in Eq.(14), three phases of −2β1,2,3 are
determined to be θ/2, which can be removed by the appropriate rotation of neutrinos. No Majorana CP violation is
active.
It can be argued that M
(1)
ν itself is equivalent with M
(1)
ν with θ = 0. By using Eq.(14) for ω± written in terms of
|ω±|, tan 2θ12,13 can be transformed into
tan 2θ12 = 2
√
2
cos 2θ13| (Meµ)+ |
c13
[
(1− 3s213) | (Mµµ)+ | − c213
(
σ| (Mµτ )+ |+ | (Mee)+ |
)] , (20)
tan 2θ13e
iδ = 2
√
2σ
i| (Meµ)− |
| (Mµµ)+ |+ σ| (Mµτ )+ |+ | (Mee)+ |
. (21)
These are equivalent to the expressions with |(Mee,eµ,µµ,µτ )+| = Re(Mee,eµ,µµ,µτ ) and |(Meµ)−| = Im(Meµ). Since all
θ-dependence can be removed in mixing angles and masses, M
(1)
ν itself is considered to be equivalent with M
(1)
ν with
θ = 0. Because of ω = eiθ/2(|ω+|+ i|ω−|) for any complex values of ω, we obtain that M (1)ν = eiθ/2(|M (1)ν+ |+ i|M (1)ν− |),
where |M (1)ν± | is a mass matrix with |(Mij)±| in its element. Our observation indicates that, after θ/2 is rotated away,
M
(1)
ν becomes |M (1)ν+ |+ i|M (1)ν− |, which only contributes to the non-vanishing δ. Therefore,M (1)ν with θ = 0 is a general
form of the texture M
(1)
ν .
For M
(2)
ν ,
X =
√
2 (Meµ)+
c13
, Y =
√
2σ (Meµ)− ,
λ1 =
s213
cos 2θ13
(Mµµ)+ +Mee, λ2 = (Mµµ)+ +Mee, λ3 = (Mµµ)+ −Mee, (22)
are given. The masses and mixing angles are calculated to be:
tan 2θ12 = 2
√
2
cos 2θ13 (Meµ)+
c13 (1− 3s213) (Mµµ)+
, tan 2θ13e
iδ = 2
√
2σ
(Meµ)−
(Mµµ)+
, (23)
and
m1e
−2iβ1 = (Mµµ)+ −
1 + cos 2θ12
sin 2θ12
√
2 (Meµ)+
c13
+Mee,
m2e
−2iβ2 = (Mµµ)+ +
1− cos 2θ12
sin 2θ12
√
2 (Meµ)+
c13
+Mee,
m3e
−2iβ3 =
c213 (Mµµ)+
cos 2θ13
−Mee, (24)
5from Eq.(A10). The three Majorana phases can take any values in this texture and the Majorana CP violation is
active if arg(Mee) 6= θ/2.
ForM
(3)
ν , the results can be obtained by the replacement of (Meτ )± → (1±z)Meµ/2 and (Mµµ)+ → (zκ+κ∗)Meµ/2
in M
(2)
ν . The mixing angles are given by
tan 2θ12 = 2
√
2
cos 2θ13 (1 + z)
c13 (1− 3s213) (zκ+ κ∗)
, tan 2θ13e
iδ = 2
√
2σ
1− z
zκ+ κ∗
, (25)
which become consistent relations owing to Eq.(15). Masses are given by Eq.(24) with the appropriate replace-
ment. As a result, three Majorana phases depend on phases of Meµ and Mee and the Majorana CP violation
is active if arg(Mee) 6= arg(Meµ) + θ/2 because (1 + z)Meµ = ±earg(Meµ)+iθ/2|(1 + z)Meµ| and (zκ + κ∗)Meµ =
±earg(Meµ)+iθ/2|(zκ+ κ∗)Meµ|.
III. OBSERVED NEUTRINO PROPERTIES
To see the compatibility of the textures with the observed properties of neutrino oscillations, we examine whether
sin2 2θ12 ≫ sin2 θ13 [19] as well as ∆m2atm ≫ ∆m2⊙ is realized or not. In the following discussions, we require√
2 <∼ | tan 2θ12| <∼ 2
√
2 equivalent to 2/3 <∼ sin
2 2θ12 <∼ 8/9 and | tan 2θ13| <∼ 1/2 equivalent to sin2 θ13 <∼ 0.05. It is
convenient to express tan 2θ12 in terms of x as tan 2θ12 = 2
√
2/x, giving sin2 2θ12 = 8/(8 + x
2) and 1 <∼ x <∼ 2.
For M
(1)
ν with θ = 0, the mixing angles are given by
tan 2θ12 ≈ 2
√
2
Re (Meµ)
Re (Mµµ)− σRe (Mµτ )− Re (Mee) , (26)
tan 2θ13e
iδ = 2
√
2σ
iIm (Meµ)
Re (Mµµ) + σRe (Mµτ ) + Re (Mee)
, (27)
where the expression of tan 2θ12 is obtained by taking the approximation sin
2 θ13 ≈ 0 and this approximation is used
in other textures, and the masses are
m1e
−2iβ1 ≈ Re (Mµµ)− σRe (Mµτ )− 1 + cos 2θ12
sin 2θ12
√
2Re (Meµ) ,
m2e
−2iβ2 ≈ Re (Mµµ)− σRe (Mµτ ) + 1− cos 2θ12
sin 2θ12
√
2Re (Meµ) ,
m3e
−2iβ3 ≈ Re (Mµµ) + σRe (Mµτ ) . (28)
It is evident that β1,2,3 = 0 indicating no Majorana CP violation. From Eqs.(26) and (27), we find that the condition
of
√
2 <∼ | tan 2θ12| <∼ 2
√
2 and | tan 2θ13| <∼ 1/2 is satisfied by
2 |Re (Meµ)| >∼ |Re (Mµµ)− σRe (Mµτ )− (ReMee)| >∼ |Re (Meµ)| ,
|Re (Mµµ) + σRe (Mµτ ) + Re (Mee)| >∼ 4
√
2 |Im (Meµ)| . (29)
It turns out that there are sufficient freedoms to explain the mass hierarchy of ∆m2atm ≫ ∆m2⊙ while Eq.(29) is
satisfied.
For M
(2)
ν , the mixing angles are given by
tan 2θ12 ≈ 2
√
2
(Meµ)+
(Mµµ)+
, tan 2θ13e
iδ = 2
√
2σ
(Meµ)−
(Mµµ)+
. (30)
The masses are
m1e
−2iβ1 ≈ (Mµµ)+ −
1 + cos 2θ12
sin 2θ12
√
2 (Meµ)+ +Mee,
m2e
−2iβ2 ≈ (Mµµ)+ +
1− cos 2θ12
sin 2θ12
√
2 (Meµ)+ +Mee,
m3e
−2iβ3 ≈ (Mµµ)+ −Mee, (31)
6which are further transformed into
m1e
−2iβ1 ≈ −
√
8 + x2 − x
2
(Meµ)+ +Mee, m2e
−2iβ2 ≈
√
8 + x2 + x
2
(Meµ)+ +Mee,
m3e
−2iβ3 ≈ x (Meµ)+ −Mee, (32)
where x = (Mµµ)+/(Meµ)+.
From Eq.(30), we find that the condition of
√
2 <∼ | tan 2θ12| <∼ 2
√
2 and | tan 2θ13| <∼ 1/2 is satisfied by
2
∣∣∣(Meµ)+
∣∣∣ >∼
∣∣∣(Mµµ)+
∣∣∣ >∼
∣∣∣(Meµ)+
∣∣∣ ,
∣∣∣(Mµµ)+
∣∣∣ >∼ 4
√
2
∣∣∣(Meµ)−
∣∣∣ . (33)
Because
∆m2⊙ =
√
8 + x2 [(2Re (Mee) + xRe (Meµ, θ)) Re (Meµ, θ) + (2Im (Mee) + xIm (Meµ, θ)) Im (Meµ, θ)] ,
∆m2atm =
√
8 + x2 + 3x
4
∣∣∣
[
4Re (Mee) +
(√
8 + x2 − x
)
Re (Meµ, θ)
]
Re (Meµ, θ)
+
[
4Im (Mee) +
(√
8 + x2 − x
)
Im (Meµ, θ)
]
Im (Meµ, θ)
∣∣∣ , (34)
the hierarchy of ∆m2atm ≫ ∆m2⊙ can be realized by requiring that
(2Re (Mee) + xRe (Meµ, θ))Re (Meµ, θ) + (2Im (Mee) + xIm (Meµ, θ)) Im (Meµ, θ) ≈ 0. (35)
Three neutrino masses are, then, approximated to be:
m21 ≈ m22 ≈
8 + x2
4
(
Re (Meµ, θ)
2
+ Im (Meµ, θ)
2
)
+
1
4
[
(2Re (Mee) + xRe (Meµ, θ))
2
+ (2Im (Mee) + xIm (Meµ, θ))
2
]
,
m23 ≈
9x2
4
(
Re (Meµ, θ)
2
+ Im (Meµ, θ)
2
)
+
1
4
[
(2Re (Mee) + xRe (Meµ, θ))
2
+ (2Im (Mee) + xIm (Meµ, θ))
2
]
, (36)
which are masses of degenerate neutrinos because of x = O(1). As a result, ∆m2atm becomes
∆m2atm ≈ 2
(
x2 − 1)
(
Re (Meµ, θ)
2
+ Im (Meµ, θ)
2
)
, (37)
indicating that
Re (Meµ, θ)
2
+ Im (Meµ, θ)
2 ≈ O(10−3) eV2. (38)
The size of the neutrino masses varies with the common magnitude of (2Re(Mee) + xRe(Meµ, θ))
2 + (2Im(Mee) +
xIm(Meµ, θ))
2.
For M
(3)
ν with the appropriate replacement in M
(2)
ν , the mixing angles are given by
tan 2θ12 ≈ 2
√
2
1 + z
zκ+ κ∗
, tan 2θ13e
iδ = 2
√
2iσ
1− z
zκ+ κ∗
. (39)
The similar discussion to obtain the hierarchy of ∆m2atm ≫ ∆m2⊙ yields
(4Re (Mee) + xRe ((1 + z)Meµ))Re ((1 + z)Meµ) + (4Im (Mee) + xIm ((1 + z)Meµ)) Im ((1 + z)Meµ) ≈ 0, (40)
and ∆m2atm is given by
∆m2atm ≈
x2 − 1
2
|(1 + z)Meµ|2 , (41)
where x = (zκ+ κ∗)/(1 + z). Corresponding to Eq.(33), we obtain that
2 |1 + z| >∼ |zκ+ κ∗| >∼ |1 + z| , |zκ+ κ∗| >∼ 4
√
2 |1− z| . (42)
The size of |Meµ| is of order of
√
∆m2atm.
7IV. SUMMARY AND DISCUSSIONS
Examining the condition of tan θ23 = Im(Meµ)/Im(Meτ ) for M =M
†
νMν satisfied by any textures, we have found
three types of textures of Mν that provide maximal CP violation and maximal atmospheric neutrino mixing. The
key condition on the appearance of maximal CP violation is sin 2θ23Meτ = −M∗eµ + cos 2θ23Meµ, yielding Eq.(10)
for maximal atmospheric neutrino mixing. The three types of textures suggested by Eq.(10), which are controlled by
one phase of θ as z = eiθ, are described by
M (1)ν =


Mee Meµ −σzM∗eµ
Meµ Mµµ Mµτ
−σzM∗eµ Mµτ zM∗µµ

 , M (2)ν =


Mee Meµ −σzM∗eµ
Meµ Mµµ −σMee
−σzM∗eµ −σMee zM∗µµ

 ,
M (3)ν =


Mee Meµ −σzMeµ
Meµ zκMeµ −σMee
−σzMeµ −σMee κ∗Meµ

 , (43)
where Mee,µτ = (Mee,µτ )+ is imposed on M
(1)
ν . It is found that M
(1)
ν with θ = 0 represents a general texture of this
type. The three Majorana phases are calculable in principle and shows that the Majorana CP violation is
• absent for M (1)ν ,
• present if arg(Mee) 6= θ/2 for M (2)ν ,
• present if arg(Mee) 6= arg(Meµ) + θ/2 for M (3)ν .
To obtain these specific textures depends on how the CP violating Dirac phase of δ is parameterized in UPMNS .
For instance, another parameterization of the Kobayashi-Maskawa type [20] gives tan θ23 = −Im(Meτ )/Im(Meµ) for
Eq.(5), c23Meµ−s23Meτ = |c23Meµ − s23Meτ | e−iδ for Eq.(6) and tan θ23 = Re(Meµ)/Re(Meτ ) for Eq.(7) [16]. As a
result, Eq.(9) is replaced by Meτ = σM
∗
eµ. However, it is obvious that, for the obtained textures, the diagonalization
is only possible by UPMNS of Eq.(1). Namely, if we have a given texture, then the form of UPMNS is completely
determined [17].
The mixing angles of θ12,13 are given by
tan 2θ12 ≈ 2
√
2
(Meµ)+
(Mµµ)+ − σ (Mµτ )+ − (Mee)+
,
tan 2θ13e
iδ = 2
√
2σ
(Meµ)−
(Mµµ)+ + σ (Mµτ )+ + (Mee)+
, (44)
for M
(1)
ν , where (Mij)+ and (Mij)− (i, j=e, µ, τ) are, respectively, reduced to Re(Mij) and iIm(Mij) at θ = 0, by
tan 2θ12 ≈ 2
√
2
(Meµ)+
(Mµµ)+
, tan 2θ13e
iδ = 2
√
2σ
(Meµ)−
(Mµµ)+
, (45)
for M
(2)
ν , and by
tan 2θ12 ≈ 2
√
2
1 + z
zκ+ κ∗
, tan 2θ13e
iδ = 2
√
2iσ
1− z
zκ+ κ∗
. (46)
for M
(3)
ν , where δ = ±pi/2. The pure imaginary value of eiδ ensured by Eq.(10) is assured by the fact that (ω′)−/(ω)+
and (1 − z)/(zω + ω∗) become pure imaginary for any complex values of ω and ω′. We have then demonstrated
that there are indeed consistent flavor neutrino masses that reproduce sin2 2θ12 ≫ sin2 θ13 ≈ 0 and ∆m2atm ≫ ∆m2⊙.
For M
(2,3)
ν , neutrinos turn out be degenerate ones. It is further recognized that M
(1,2)
ν exhibit a novel feature that
tan 2θ12 is proportional to (Meµ)+ while tan 2θ13 is proportional to (Meµ)−. It can be stated in the simplest case of
z = ±1 that
• tan 2θ12 is proportional to Re(Meµ) for z = 1 and Im(Meµ) for z = −1,
• tan 2θ13 is proportional to Im(Meµ) for z = 1 and Re(Meµ) for z = −1.
8This feature is absence in models without CP violation.
Although we have not specified a mechanism to create flavor neutrino masses, it is conceivable that these masses are
induced by the seesaw mechanism [21] and that the specific structure in phases presented in Eq.(43) may be realized
at the seesaw scale of O(1012−1014) GeV. If this is the case, radiative corrections to yield renormalized values around
the weak scale corresponding to the observed values may significantly alter our phase structure, especially the one
giving δ = ±pi/2, in the textures. However, it is known that such radiative corrections are small in the normal mass
hierarchy case [22]. In the inverted mass hierarchy case and near degeneracy case, sizable corrections may arise in
certain parameter regions [23]. The form of M (1) in the normal mass hierarchy case is, thus, stable against radiative
corrections. On the other hand, M (2,3) leading to the near degeneracy case may receive large radiative corrections,
which have to be estimated in a specific model that yields M (2,3) via the seesaw mechanism. Conversely, one can
extrapolate the form of M (2,3) at the seesaw scale that indeed yields M (2,3) in Eq.(43) at the weak scale.
APPENDIX A: NEUTRINO MASSES AND MIXING ANGLES
After the direct calculation of UTPMNSMνUPMNS , one can obtain constraints:
c12∆1 − s12c13
(
s13e
−iδX +∆2
)
= 0, s12∆1 + c12c13
(
s13e
−iδX +∆2
)
= 0, (A1)
c12
[
s12λ1 + c12
(
c213X − s13eiδ∆2
)]− s12
[
c12λ2 + s12
(
c213X − s13eiδ∆2
)]
= 0, (A2)
where
∆1 =
Meee
−iδ − λ3eiδ
2
sin 2θ13 + Y cos 2θ13, ∆2 =Mµτ cos 2θ23 − Mττ −Mµµ
2
sin 2θ23, (A3)
X =
c23Meµ − s23Meτ
c13
, Y = s23Meµ + c23Meτ , (A4)
and diagonalized masses:
m1e
−2iβ1 = c212λ1 + s
2
12λ2 − 2c12s12X, m2e−2iβ2 = s212λ1 + c212λ2 + 2c12s12X,
m3e
−2iβ3 = c213λ3 + 2c13s13e
−iδY + s213e
−2iδMee, (A5)
where
λ1 = c
2
13Mee − 2c13s13eiδY + s213e2iδλ3, λ2 = c223Mµµ + s223Mττ − 2s23c23Mµτ ,
λ3 = s
2
23Mµµ + c
2
23Mττ + 2s23c23Mµτ . (A6)
From Eq.(A2) with s13e
−iδX +∆2 = 0 in Eq.(A1), θ12 is determined by
sin 2θ12 (λ1 − λ2) + 2 cos 2θ12X = 0, (A7)
and, from ∆1 = 0 in Eq.(A1), θ13 is determined by
sin 2θ13
(
Meee
−iδ − λ3eiδ
)
+ 2 cos 2θ13Y = 0. (A8)
Also from Eq.(A1), the atmospheric mixing angle is given by
(Mττ −Mµµ) sin 2θ23 − 2Mµτ cos 2θ23 = 2s13e−iδX. (A9)
Eqs.(A7) and (A8) further convert the mass parameters into
m1e
−2iβ1 =
λ1 + λ2
2
− X
sin 2θ12
, m2e
−2iβ2 =
λ1 + λ2
2
+
X
sin 2θ12
,
m3e
−2iβ3 =
c213λ3 − s213e−2iδMee
cos 2θ13
, (A10)
and
∆m2⊙ =
2
sin 2θ12
Re ((λ∗1 + λ
∗
2)X) . (A11)
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